Solute atoms can segregate to elastically deformed lattice regions around a dislocation and form an equilibrium distribution called the Cottrell atmosphere. We compare two approaches to describe Cottrell atmospheres. In the Eshelby theory, the solid solution is represented by a composite material obtained by insertion of misfitting elastic spheres (solute atoms) into an elastic matrix (solvent). The theory proposed by Larch e and Cahn (LC) treats the solution as an elastic continuum and describes elasto-chemical equilibrium using the concept of open-system elastic coefficients. The two theories are based on significantly different concepts and diverge in some of their predictions, particularly regarding the existence of screening of dislocation stress fields by atmospheres. To evaluate predictive capabilities of the two theories, we perform atomistic computer simulations of Al segregation on a dislocation in Ni. The results confirm the existence of hydrostatic stress screening in good agreement with the LC theory. The composition field is also in much better agreement with the LC prediction than with the Eshelby theory. However, the simulations confirm the logarithmic divergence of the total amount of solute segregation as expected from the Eshelby theory, whereas the LC theory predicts the total segregation to be zero. Several other aspects of the two theories are analyzed. Possible non-linear extensions of the LC theory are outlined.
Introduction
It is well-known that many solutes interact with elastic strain fields of dislocations and segregate in and around the dislocation core [1] . This segregation, often called the Cottrell atmosphere [1e4], can strongly impact the mobility of dislocations and thus influence mechanical properties of materials. It is important to understand the thermodynamic nature of dislocation atmospheres and be able to predict the amount of segregation and its effect on the dislocation stress field.
As a simple example, consider an edge dislocation with a Burger vector b in an elastically isotropic solid. The distribution of the pressure p ¼ À(s 11 þ s 22 þ s 33 )/3 (s ij being the stress tensor) around the dislocation is given by Ref. [1] p
where G is the shear modulus, n is Poisson's ratio, b ¼ jbj and r and q are the radius and polar angle, respectively. Cottrell [2e4] suggested that the interaction energy of a solute atom with the dislocation stress field is U ¼ pDV, where
Here, v s and v a are the atomic volumes of the solute and solvent, respectively, in their chemically pure unstressed states. This energy represents the reversible work of insertion of a single solute atom in the solvent matrix. For a dilute solution, Cottrell [2e4] obtained the composition field
where c is the atomic fraction of the solute atoms near the dislocation, c 0 is the alloy composition far away from the dislocation, T is temperature and k B is Boltzmann's constant. Thus, oversized (DV > 0) substitutional atoms tend to gather in dilated regions (p < 0) while undersized (DV < 0) in compressed regions (p > 0). Cottrell [2e4] suggested that the formation of an atmosphere relieves the hydrostatic stresses (s 11 þ s 22 þ s 33 )/3 around the dislocation, and that it is this relief of stress that causes the formation of the atmosphere [3] . Later, Eshelby [5, 6 ] developed a composite model of solid solutions in which the solute atoms were modeled by misfitting elastic spheres embedded in a matrix representing the solvent. This model relies on the small strain approximation, isotropic linear elasticity and the assumption that the inclusions have the same elastic moduli as the matrix. Since the stress field of a dilatation center is pure shear, there is no direct interaction between the inclusions. Consequently, the pressure in the matrix remains, to the leading order, the same as in the pure solvent [1] . In application to dislocation atmospheres, the theory predicts that the composition field is given by the same Eq. (3) as in the Cottrell theory. Furthermore, although the calculations [5, 6] were very accurate (within the assumptions of this model) and took full account of the image forces, several terms canceled out and DV ended up being equal to the same difference (2) between the stress-free atomic volumes. In this theory, p in Eq. (3) has the meaning of the pressure in the matrix in the absence of the atmosphere. As noted by Hirth [1, 7, 8] , in the standard Eshelby theory there is no screening of the dislocation pressure field by the atmosphere.
In regions far away from the dislocation core where the stress is small enough that pDV ≪ k B T, one can expand Eq. (3):
The total number of solute atoms segregated per unit length of the dislocation line between the radii r 0 (core radius) and R is
u being the atomic volume of the solution. Inserting the expansion (4), the first term integrates to zero while the second gives
It follows that the total segregation is a second order effect, but it still diverges as R / ∞. It has been shown that if further terms of the series (4) are included, the logarithmic term (6) still remains the dominant contribution [1] . The entire atmosphere contains an infinite amount of the solute. On the other hand, Larch e and Cahn (LC) [9e12] developed a linearized theory of elasto-chemical equilibrium in solid solutions and applied it to dislocation atmospheres [9, 12] . The LC theory treats the solid solution as an elastic continuum, which can be thought of as obtained by coarse-graining (homogenization) over atomic groups containing a sufficient number of atoms to describe the solution by smooth functions. The LC theory [9, 12] predicts that the stress field in the presence of an atmosphere can be obtained by replacing the ordinary elastic coefficients by so-called open-system elastic coefficients. The material in the atmosphere is elastically more compliant than it would be in a closed system. This leads to a reduction in the magnitude of pressure and thus partial screening (relief) of the dislocation stress field, just as predicted by Cottrell [3, 4] . Knowing the stress field, the composition field in the atmosphere can be computed in the linear approximation. The theory is thermodynamically self-consistent (the elastic and chemical equilibrium problems are fully coupled) and requires thermodynamic input that can be provided by experiment, a CAL-PHAD assessment [13] or atomistic computer simulations.
This brief overview shows that the existing theories of atmospheres differ in several aspects, particularly regarding the stress screening. The latter question obviously presents significant interest: if the formation of atmospheres weakens elastic interactions between dislocations, then this effect should be taken into account in deformation theories for alloys. The stress screening and other properties of dislocation atmospheres have been the subject of a recent debate in the literature [7, 8, 14, 15] . The debate was primarily focused on similarities and differences between the Eshelby [5, 6] and LC [9, 12] theories. The difficulty in comparing the two theories is in the disparity of certain basic concepts underlying the theories. Each theory is correct within the framework of its basic assumptions and approximations, but the two frameworks are essentially different. Attempts to assess the validity one theory from the standpoint of the other [7,8,14e16 ] prove ineffective. The only meaningful approach is to identify a set of testable predictions of each theory and compare them with experiments or atomistic simulations. Experimental tests that would provide definitive answers appear unfeasible given the limited capabilities of existing experimental techniques in measuring local stresses and compositions in atmospheres on a quantitative level. Atomistic simulations offer a more viable option at the present time. Such simulations do not rely on any theories, assumptions or approximations other than a model of atomic interactions, which for some systems can be very realistic. This can provide a suitable testing ground for the two theories.
For example, the conclusion of the Eshelby theory [5, 6] that the hydrostatic stress in the matrix is unaltered (to the leading order) by the atmosphere is correct within the Eshelby theory but cannot agree or disagree with the LC theory [9, 12] . The latter does not deal with any matrix or inclusions since the stress appearing in this theory is averaged over volumes containing multiple solute atoms. On the other hand, a recent paper [16] asserts that the hydrostatic self-stress existing inside the elastic inclusions must be excluded when computing the stress dependence of the solute concentration. This assertion suggests that the space-averaged stress that could be compared with the LC theory [9, 12] coincides with the matrix stress, and as such, must remain unaltered by the atmosphere. This conclusion contradicts the LC theory [9, 12] and the issue can be resolved by computing the stress field in atomistic simulations. Similarly, the composition field of an atmosphere can be computed by atomistic simulations and compared with predictions of both theories. In the Eshelby theory, the composition field will be given by Eqs. (2) and (3), whereas the LC theory makes a different prediction discussed below.
The goal of this work is to perform atomistic computer simulations of an equilibrium atmosphere of a particular dislocation and compare the stress and composition fields with predictions of the two theories. In Sec. 2 we review the LC theory [9, 12] to the extent that is required for this work. The simulation methodology is presented in Sec. 3 followed by simulation results and their interpretation in Sec. 4. In Sec. 5 we summarize the work and formulate conclusions.
The Larch e-Cahn theory
Larch e and Cahn [9e12] developed a rigorous thermodynamic theory of mechanical and chemical equilibrium in and between multicomponent solid phases by generalizing Gibbs' approach [17] that was primarily focused on fluid systems. The equilibrium equations were derived from the minimum energy condition at a fixed entropy. Thermodynamic properties of each solid phase were described by a postulated fundamental equation expressing its energy as a function of entropy, chemical composition and deformation gradient. The solution of the extremum problem gave thermodynamic equilibrium conditions for heterogeneous systems and for internal equilibria inside individual phases containing sources of elastic stress. The LC equations represent a complex nonlinear problem that cannot be easily solved analytically. To simplify the calculations, a linearization of the equations was proposed [9, 10, 12] under the assumptions of relatively small stresses and small compositional variations. This linearization enabled Larch e and Cahn to decouple the equations in two parts: (i) a linear elasticity problem that can be solved for the stress field, and (ii) a chemical equilibrium problem in a given stress field. The key to this decoupling was the introduction of the concept of open-system elastic coefficients (compliances and stiffnesses), which are different from the ordinary, closed-system elastic coefficients both conceptually and numerically.
For a binary substitutional solid solution, the elasticity problem becomes (summation over repeated indices is implied)
where s kl and ε ij are the local stress and small strain tensors, respectively, and
is the tensor of open-system compliances [9, 10, 12] . In Eq. (8), S 0 ijkl is the tensor of ordinary compliances, u is the volume per atom in the reference state of strain, M is the diffusion potential of the solute relative to the solvent, and ε c ij is the stress-free (compositional) strain. The subscript and superscript 0 indicate the quantities evaluated in the stress-free solid solution far away from dislocations and other sources of stress. This stress-free solution is taken as the reference state of strain. Because S Ã ijkl does not vary with the local composition c and depends only on the imposed diffusion potential M, Eq. (7) is a standard Hooke's law that leads to a linear elasticity problem that can be solved by well-established methods. In fact, in many cases an existing solution can utilized by simply replacing the closed-system elastic coefficients by open-system coefficients. Knowing the stress field s kl (r), the composition field c(r) can be found from the equation
r being the position vector relative to the dislocation core. In many cases, for example in cubic solids, the compositional strain ε c ij is isotropic. Consequently,
where d ij is Kronecker's symbol and the compositional strain coefficient a is a function of the far-field composition c 0 but not the local composition c. Switching to two-index notations for elastic compliances [18] we then have
where
is a thermodynamic factor. Thus, for cubic crystals S Ã 11 and S Ã 12 are shifted relative to their closed-system counterparts by the same amount x, whereas S Ã 44 remains unchanged. The equation for the composition field (9) becomes
In application to a dislocation atmosphere, the linearized LC method [9, 12] consists in finding the dislocation pressure field p(r) by replacing S 0 ij by S Ã ij in a known linear elasticity solution, followed by calculation of the composition field c(r) from Eq. (14) .
Consider the particular case of an elastically isotropic solid. In the absence of an atmosphere, the pressure field of an edge dislocation is given by Eq. (1). Using this equation, the pressure field in the atmosphere becomes [9, 12] 
Since in this theory the composition is linear in pressure, the total segregated amount G computed from Eq. (5) is zero.
It is interesting to compare the LC Eq. (14) with Eq. (3) of the Eshelby theory in the dilute solution limit. Linearization of the latter equation gives
On the other hand, for a dilute solution (vM/vc) 0 ¼ k B T/c 0 and Eq. (14) becomes
can be called the "effective volume" of insertion of a solute atom. In the small-strain approximation, V * is the difference between the partial molar volumes of the solute and solvent. Comparing the two equations, we observe that the "effective volume" appearing in the LC theory is the counterpart of DV of the Eshelby theory. A comparison between the two volumes will be discussed later.
Methodology
As a model system we chose the FCC Ni-Al solid solution known as the gamma-phase [19] . The lattice parameter mismatch between Ni and Al is large (about 15%) suggesting a strong segregation trend. Atomic interactions in the Ni-Al system were described by an embedded-atom potential [20] that accurately reproduces thermodynamic properties of the Ni-Al system. In particular, the potential predicts the Ni-rich part of the Ni-Al phase diagram in reasonable agreement with experiment. The simulations were carried out at a fixed temperature of 700 K. At this temperature, the solubility limit of Al in the gamma-phase predicted by this potential is about 13.9% Al (mole fraction). This is higher than the experimental solubility limit, but this deviation is not critical for the testing purposes set in this work. Two types of simulation were performed: simulations in a small system for computing the elastic constants and thermodynamic parameters required for this work, and simulations in a larger system to study a dislocation atmosphere. 
Here, M is the diffusion potential of the reservoir, m Ni and m Al are the atomic masses and DE is the total energy change resulting from the move. The positive sign applies when Ni is replaced by Al and negative when Al is replaced by Ni. The mass term comes from integration of the state probability over linear momenta of atoms, giving a pre-exponential factor proportional to the product of masses of all atoms to the power of 3/2. In the probability ratio of two configurations, all masses cancel out except for the masses of the atom whose species changes, producing a pre-exponential factor of either (m Ni /m Al ) 3/2 or (m Al /m Ni ) 3/2 . For each M, the simulation started with pure Ni and continued until thermodynamic equilibrium was reached. The equilibrium state was verified by computing the non-Gaussian parameters of statistical distributions. The equilibration usually required about 2 Â 10 4 Monte Carlo steps.
After the equilibration, a production run was performed comprising about It can be shown [26] that elastic compliances are proportional to the covariances of the strains ε ii ε jj :
where V is the average volume of the system. The asterisk indicates that these compliances are open-system type and the tilde is a reminder that they are computed for a lattice orientation different from the cubic axes. The 3 Â 3 matrix of elastic compliances obtained from the fluctuations was inverted to obtain the matrix of open-system elastic constantsc
Knowing c Ã ij , the closed-system elastic constants c ij were recovered by converting c Ã ij to the compliances S Ã ij and utilizing Eqs. (11) and (12) [110] dislocations in FCC metals but is well-suited for testing purposes. This dislocation has a longer Burgers vector (b z 0.352 nm) producing larger stresses and has a compact core (there are no stable stacking faults on cubic planes) so it can be better described by elasticity theory solutions than dislocations with a dissociated core. We first created a rectangular 30 Â 30 Â 3.4 nm simulation block of FCC Ni with edges aligned with coordinate axes x i . The lattice orientation was [100]||x 1 , [010]||x 2 , [001]||x 3 with periodic boundary conditions in all Cartesian directions. A zero-pressure semi-grand canonical Monte Carlo simulation was implemented on this system at T ¼ 700 K and M ¼ À0.73 eV until equilibrium was reached. The equilibrium chemical composition was found to be 5.43% Al, i.e., c 0 ¼ 0.0543. One of the saved configurations with this composition was chosen for the subsequent study. In this configuration, the periodic boundary conditions in the x 1 and x 2 directions were canceled and a dislocation was created at x 1 ¼ x 2 ¼ 0 by displacing all atoms from their positions according to the displacement field of an edge dislocation given by the anisotropic elasticity solution [28] with open-system elastic constants c Ã ij computed for this composition. The dislocation line was parallel to the shorter (x 3 ) direction of the block. A cylindrical region with the diameter of 26.6 nm (162,496 atoms) centered at the dislocation line was then carved out of the block. Since the boundary condition along the x 3 axis remained periodic, this effectively created an infinitely long cylinder with the dislocation line coinciding with its axis (Fig. 1) .
At the next step, all atoms located in a 1.5 nm thick surface layer of the cylinder were fixed in their positions, whereas all other atoms remained free ( Fig. 1(a) ). Finally, a semi-grand canonical Monte Carlo simulation was executed on the free atoms at T ¼ 700 K and M ¼ À0.73 eV. The trial moves of the simulation included local atomic displacements and changes of chemical identities of atoms but not the re-scaling of atomic coordinates. Note that the fixed atoms of the surface layer continued to impose traction on the free atoms. 10 6 Monte Carlo steps were found to be more than sufficient to bring the system to thermodynamic equilibrium, and thus form an equilibrium dislocation atmosphere, and to generate over 600 uncorrelated snapshots from the equilibrium state. During the simulations, the fixed atoms remained at nearly zero stress and maintained the far-field composition c 0 ( Fig. 1(b) ). At the post-processing stage, the coarse-grained stress and composition fields were computed in each snapshot and averaged over all snapshots. For the coarse-graining, a b Â b square mesh was superimposed on the (x 1 ,x 2 ) projection of the simulation block and the chemical composition and stress were averaged over the atoms projected into each square unit from the x 3 dimension (Fig. 1(c) ). The stress tensor was computed by the standard virial expression including the thermal term.
To provide a baseline for comparison, similar simulations were performed for the same dislocation in pure Ni. In this case, the Monte Carlo moves did not include switching the chemical identities of atoms and the elastic constants were c ij of pure Ni at 700 K.
Results and discussion
The elastic constants obtained for pure Ni and the Ni-5.43% Al alloy at 700 K are listed in Table 1 . The estimated error bar of this calculation method is ±1 GPa [27] . The table shows that the addition of Al to Ni has only a small effect on the ordinary (closedsystem) elastic constants. However, the open-system elastic constants of the alloy are about 16 GPa (10%) lower than the ordinary elastic constants. Due to this chemical softening effect, we can already anticipate a reduction in pressure around the dislocation.
The pressure field around the dislocation in pure Ni is shown in Fig. 2 in comparison with predictions of the anisotropic elasticity theory. In Fig. 2(b) , the pressure is plotted as a function of distance r from the core when moving in the vertical direction (the x 2 axis) passing through the dislocation core (red arrow in Fig. 1(c) ). The points represent the pressures averaged over b Â b cells. The agreement between the elasticity theory and the simulations is excellent except in the dislocation core region where linear elasticity is inapplicable. To highlight this agreement, the pressure is replotted in Fig. 2 (c) against 1/r. We again observe excellent agreement near the origin of the plot (far field) and significant deviations in the core region (top left and bottom right corners of the plot). This close agreement demonstrates the accuracy of the present simulation setup and of our calculations of elastic constants and stresses. Fig. 3 compares the simulations with elasticity theory predictions for the Ni-5.43% Al alloy. The agreement is again very good, except of course in the core region. This agreement shows that the LC theory with open-system elastic coefficients accurately describes the dislocation stress field. For comparison, the star points show the pressure field in pure Ni (replotted from Fig. 2(b) ). The Eshelby theory predicts [5, 6, 16] that the pressure field in the atmosphere should be the same as in pure Ni (matrix). In fact, the magnitude of the Ni pressure systematically overestimates the simulation results. The deviation is relatively small but undoubtedly indicates the existence of partial screening.
The composition field around the dislocation is displayed in Fig. 4(a) . As expected, the regions of depletion and enrichment in Al correlate with the regions of compression and tension, respectively. In Fig. 4(b) , the composition averaged over b Â b cells is plotted as a 
generalizing Eq. (3) to non-dilute compositions [1, 16] . The curves calculated directly from Eq. (3) look very similar (not shown) and lead to the same conclusion. Namely, the Cottrell and Eshelby theory strongly overestimates the solute enrichment and depletion in the respective regions around the dislocation. The main source of this deviation is the fact that Eq. (2) strates that for the Ni-Al system, DV overestimates V * by approximately a factor of four, causing the large over-predication of the enrichment/depletion. To demonstrate that Ni-Al is not a rare case, we quote the results of similar calculations for the Cu-Ag system described by an embedded-atom potential [29] . The potential accurately predicts many physical and thermodynamic properties of Cu, Ag and Cu-Ag solutions, and in particular predicts the phase diagram in reasonable agreement with experiment. In this system, DV is close to that in the Ni-Al system. We find that DV underestimates V * in the Cu-rich solid solution (Fig. 5(b) ) and overestimates in the Ag-rich solid solution (Fig. 5(c) ) [30] . At the temperature of 1000 K, the difference between DV and V * is 20e30%, which is not as large as in Ni-Al at 700 K but still significant. That the difference is not as large is not surprising given the chemical similarity of Cu and Ag and disparity of Ni and Al. It should also be noted that the difference between DV and V * increases with decreasing temperature. This analysis illustrates the obvious fact that predictions of the volume effect of solution solely on the basis of atomic volumes of the end members is a crude approximation. The LC theory incorporates both atomic size and chemical effects, leading to much more accurate predictions of the composition field in the dislocation atmosphere.
As indicated in Secs. 1 and 2, the two theories give different answers for the total number G of excess solute atoms per unit dislocation line. According to the linear LC theory G is identically zero, whereas the Cottrell-Eshelby theory predicts that G is small (second order effect) but eventually diverges as lnR as R / ∞. In Fig. 6(a) , we plot G obtained by the simulations as a function of the radius R. The first thing to note is that G is very small. Even for (Fig. 6(b) ), in agreement with the prediction of the Cottrell-Eshelby theory [1] (Eq. (6)). The failure of the LC theory to predict non-zero G stems from the linear relation between the local composition and pressure. The correct logarithmic divergence of G arising in the Cottrell-Eshelby theory is due to the non-linear composition-pressure relation given by Eq. (3).
Summary and conclusions
The Eshelby [5, 6] and Larch e-Cahn [9, 12] theories of dislocation atmospheres have been compared with each other and tested against atomistic simulations. One of the points where the theories diverge is the existence of stress relief (screening) by the atmosphere. Such a relief was predicted qualitatively by Cottrell [2e4] , not predicted by the Eshelby theory [5, 6] , predicted quantitatively by the LC theory, and confirmed by the present simulations. The amount of stress relief found in the simulations is in good agreement with the LC theory (Fig. 3) .
In the particular Ni-Al system studied here, the amount of stress relief is relatively small, although not at all negligible. More systematic investigations are needed to get a fuller idea about the strength of screening in other alloy systems. The answer will evidently depend not only on the atomic size mismatch but also thermodynamic specifics of the system. In particular, it would be interesting to examine a system with a small lattice mismatch DV but strong chemical effects (e.g., Al-Au), in which the atmospheres are largely driven by chemistry. Likewise, the effect of the lattice mismatch alone could be evaluated by studying an unlimited solubility system such as Si-Ge wherein the solid solution is close to ideal. Eqs. (8) and (13) show that, due to the compositional strain, the open-system elastic compliances will still be larger than the ordinary ones. This will lead to a stress screening, although the magnitude of the effect is likely to be smaller than in the non-ideal Ni-Al system studied in this work. Another interesting direction of future work would be to study interstitial solid solutions such as Fe-C or Zr-H. The compositional strain can be large and the screening significant. The LC equations remain valid except that the diffusion potential must be replaced by the chemical potential of the interstitial solute.
The stress relief is a consequence and not the "cause" of atmosphere formation as was thought initially [3] . The main thermodynamic driving force for the atmosphere formation is the work pV * done by/on the local pressure p in changing the volume by V * due to the insertion/removal of a solute atom. This insertion/removal does relieve the local pressure p, but this is a second order effect. As discussed by Larch e and Cahn [9, 12] , the atmosphere problem must be solved iteratively: the stress field causes redistribution of the solute atoms, which modifies the local lattice parameter (compositional strain) in the atmosphere, which in turn affects the stress field, and so on until the composition and stress fields become selfconsistent [9, 12] . Viewed from this perspective, the Eshelby theory truncates the process after the first iteration, leaving the initial stress (in the absence of an atmosphere) unaltered. One can imagine situations where the screening of stress fields can be very strong. If the solid solution is metastable and close to a spinodal line or critical point of mixing, then (vM/vc) 0 /0, x/∞, and thus S Ã ij /∞. The material then becomes "super-compliant" and the dislocation pressure field can be screened almost completely. Consequences for plastic deformation can be dramatic. Of course, this screening requires diffusion and time to let the atmosphere reach equilibrium. For substitutional solid solutions, the situation is more relevant to creep conditions rather than low-temperature deformation. In interstitial solutions, however, diffusion is usually fast and the screening can be achieved at relatively low temperatures. In some cases, the metastable solution may decompose with the formation of a cylinder of a new phase on the dislocation core.
The proposed hypothetical scenario of nearly complete screening might be worth testing by atomistic simulations. Metalhydrogen systems are obvious candidates due to the fast formation of atmospheres by mobile hydrogen atoms.
The LC theory accurately predicts the composition field of the dislocation (Fig. 4) . By contrast, the Cottrell-Eshelby Eqs. (2) and (3) strongly deviate from the simulation results. This deviation can be traced back to the overestimated volume effect by Eq. (2). This equation is a crude approximation that may only work for some systems that closely follow Vegard's rule. Generally, the effective volume V * of the LC theory is a more accurate predictor of dislocation atmospheres.
On the other hand, the LC prediction of zero total segregation G is not borne out by the simulations. Although G is indeed very small (Fig. 6 ), it increases with the radius R of the cylindrical region and follows the lnR dependence expected from the Cottrell and Eshelby theories (Fig. 6 ). This shortcoming is a consequence of the linear character of the LC theory. In a recent paper [14] , the linear relation (18) was rewritten in the exponential form
similar to Eq. (3). Although this step has a somewhat ad hoc character given that the elasticity problem still remains linear, it immediately recovers the lnR dependence of G except that n and DV in Eq. (6) are replaced by n * and V * , respectively. A more rigorous approach is offered by the non-linear version of the LC theory proposed for binary alloys [11] and recently generalized to multicomponent systems [27] . In this version, a term linear in p is included in the open-system compliances and the chemical composition Eq. (18) acquires an additional term quadratic in p (see, e.g., Eqs. (A12) and (A14) in Ref. [27] ). The elasticity problem becomes non-linear and more complex, but once it is solved, the rest of the calculation is straightforward. The only additional parameter needed for the calculations is the thermodynamic quantity (v 2 M/vc 2 ) 0 , which can be readily computed from the input thermodynamic data. The theory recovers the logarithmic dependence of G with a pre-logarithmic coefficient different from that in Eq. (6). As already mentioned, both theories are logically consistent within their assumptions and approximations. A meaningful way to evaluate their utility is to compare their predictions with atomistic simulations. This has been done, and the comparison generally favors the LC theory.
Other criteria include the richness of physical effects captured by a theory and possibilities of its systematic improvement. In this respect, the LC theory also has significant advantages over the Eshelby model. The latter is purely mechanical and does not require any material input other than the elastic constants of the pure solvent and lattice parameters of pure components. The chemical interactions, atomic vibrations, thermodynamic stability of the solution and other physical effects are not included. As mentioned above, the estimate of the volume effect by Eq. (2) is a crude approximation. Extension of the theory to non-dilute solutions is formally possible [1, 16] but is unlikely to yield reliable results. (In a random 50:50 solution, even the concepts of a "matrix" and "inclusions" become subjective.) More detailed analyses and critiques of the theory can be found in the literature, e.g. Ref. [31] . Although some predictions of the theory are qualitatively correct and can explain a number of properties of atmospheres, the theory is not intended for quantitative predictions.
The LC theory includes all misfit, chemical and vibrational effects, which are incapsulated in the thermodynamic functions and compositional strains required as input. The theory does not rely on the solid solution being dilute, ideal or regular -it can have any complexity and any number of components as long as the relevant thermodynamic data is available. The main limitation of the theory is in its linear character that permits an analytical treatment but becomes less accurate for large concentration gradients. The linear version of the theory can be improved by including quadratic terms [11, 27] . If needed, higher-order terms can be added by systematically applying the same power expansion procedure as in Refs. [11, 27] . The equations become more complex and must be solved numerically, but predictions of the theory will be increasingly more reliable. Ultimately, it could be easier to solve the original non-linear equations of the theory [9e11] (e.g., Eqs. (10) and (13) in Ref. [27] ) numerically. Although the beauty of analytical solutions is lost, these more general forms of the theory can describe atmospheres in both stable and metastable solutions, including regions near spinodals and critical points/lines. Interesting phenomena can be studied, such as the nearly full screening mentioned above or sudden collapse of the atmosphere with the formation of a stable second phase on a dislocation in a singlephase bulk solution.
The input information required by the LC theory includes the compositional strain, elastic coefficients (open or closed-system type) and diffusion potentials of the components as functions of chemical composition and temperature. This information can be provided by thermodynamic databases or atomistic computer simulations. The latter approach has been demonstrated in this work. We envision that in the future, as computational power increases, it should become possible to generate all input to the LC theory by first-principles calculations.
